Abstract. We propose a criterion for finding the minimum distance at which an interior solution of Einstein's equations can be matched with an exterior asymptotically flat solution. It is based upon the analysis of the eigenvalues of the Riemann curvature tensor and their first derivatives, implying C 3 differentiability conditions. The matching itself is performed by demanding continuity of the curvature eigenvalues across the matching surface. We apply the C 3 matching approach to spherically symmetric perfect fluid spacetimes and obtain the physically meaningful condition that density and pressure should vanish on the matching surface. Several perfect fluid solutions in Newton and Einstein gravity are tested.
Introduction
General relativity is a theory of the gravitational interaction and, in particular, should describe the gravitational field of relativistic compact objects. In this case, the spacetime can be split into two different parts, namely, the interior region described by an exact solution g − µν of Einstein's equations with a physically reasonable energy-momentum tensor and the exterior region, which corresponds to an exact vacuum solution g µν . This implies that the spacetime M can be considered as split into two regions (M − , g − µν ) and (M + , g + µν ) with a special hypersurface Σ at which the two regions should be matched. In the case of compact objects, Σ should be identified with the surface of the object, i.e., it is a time-like hypersurface. It then follows that at Σ certain matching conditions should be imposed in order for the spacetime to be well defined.
Two sets of matching conditions are commonly used in the literature. The Darmois conditions [1] demand that the first and second fundamental forms (the intrinsic metric and the extrinsic curvature) be continuous across Σ. The Lichnerowicz conditions state that the metric and all its first derivatives must be continuous across Σ in "admissible" coordinates that traverse Σ. The Darmois conditions are expressed in terms of tensorial quantities and hence they can be considered as a covariant formulation of the matching problem. In the case of the Lichnerowicz conditions, the term "admissible" coordinates is used, indicating that the choice of a coordinate system is essential. The equivalence between Darmois and Lichnerowicz conditions can be proved by using Gaussian normal coordinates. This proof allows one also to precise the concept of "admissible" coordinates which are then defined as coordinates related to Gaussian normal coordinates by means of (C 2 Σ , C 4 ) transformations [2] . However, as pointed out by Israel in [3] , the explicit form of the matching conditions are of limited utility, since "admissible" coordinates usually are not the most convenient for handling the matching problem in practice.
An alternative approach in which the extrinsic curvature is not necessarily continuous across Σ was proposed by Israel. An effective energy-momentum tensor which determines a thin shell is defined in terms of the difference of the extrinsic curvature evaluated inside and outside the hypersurface Σ. This means that Σ can now be interpreted as a thin shell that separates M + and M − , is part of the entire spacetime M and as such plays an important role in the determination of the spacetime dynamics.
In all the C 2 matching conditions described above, it is important to know a priori the location of Σ. Although in the case of compact objects, we can identify Σ with the surface of the body, in general, it is not easy to find the equation that determines the surface and, if possible, it often is not given in the "admissible" coordinates that are essential for treating the matching problem. This is probably the reason why the matching conditions have been applied so far only in cases characterized by very high symmetries.
In this work, we propose to use a C 3 criterion to find information about the location of the hypersurface Σ. It is defined in terms of the eigenvalues of the Riemann curvature tensor which are invariant quantities. The idea is simple. Since the curvature tensor is a measure of the gravitational interaction, the curvature eigenvalues provides us with an invariant measure of the gravitational interaction. Since for a compact object, one expects the spacetime to be asymptotically flat, the curvature eigenvalues should vanish at spatial infinite, the behavior of the eigenvalues approaching the gravitational source could give some information about its borders. Here, we implement this simple idea in an invariant manner and show its applicability in the case of several exact solutions of Einstein's equations.
This paper is organized as follows. In Sec. 2, we use Cartan's formalism to investigate the general form a curvature tensor that satisfies Einstein's equations with a perfect fluid source. Moreover, we find the general form of the curvature eigenvalues and derive some identities relating them. In Sec. 3, we review the definition of repulsive gravity in terms of the curvature eigenvalues. This definition is then used in Sec. 4 to propose the C 3 matching approach, whose objective is to perform the matching in such a way that the effects of repulsive gravity cannot be detected. We also apply the method to spherically symmetric solutions in Newton and Einstein gravity, obtaining physically meaningful results. Finally, in Sec. 6, we discuss our results and propose some tasks for future investigation.
Curvature eigenvalues and Einstein equations
Our approach is based upon the analysis of the behavior of the curvature eigenvalues. There are different ways to determine these eigenvalues [4] . Our strategy is to use local tetrads and differential forms. From the physical point of view, a local orthonormal tetrad is the simplest and most natural choice for an observer in order to perform local measurements of time, space, and gravity. Moreover, once a local orthonormal tetrad is chosen, all the quantities related to this frame are invariant with respect to coordinate transformations. The only freedom remaining in the choice of this local frame is a Lorentz transformation. So, let us choose the orthonormal tetrad as
with η ab = diag(−1, 1, 1, 1), and ϑ a = e a µ dx µ . The first
and second Cartan equations
allow us to compute the components of the Riemann curvature tensor in the local orthonormal frame. It is possible to represent the curvature tensor as a (6×6)-matrix by introducing the bivector indices A, B, ... which encode the information of two different tetrad indices, i.e., ab → A. We follow the convention proposed in [5] which establishes the following correspondence between tetrad and bivector indices
Then, the Riemann tensor can be represented by the symmetric matrix R AB = R BA with 21 components. The first Bianchi identity R a[bcd] = 0, which in bivector representation reads
reduces the number of independent components to 20. Einstein's equations with cosmological constant
can be written explicitly in terms of the components of the curvature tensor in the bivector representation, resulting in a set of ten algebraic equations that relate the components R AB . This means that only ten components R AB are algebraic independent which can be arranged in the 6 × 6 curvature matrix
where
and M 1 and M 2 are 3 × 3 symmetric matrices
with T = η ab T ab . This is the most general form of a curvature tensor that satisfies Einstein's equations with cosmological constant and arbitrary energy-momentum tensor. The traces of the matrices entering the final form of the curvature turn out to be of particular importance. First, the matrix L is traceless by virtue of the Bianchi identities, as shown above. Moreover, for the remaining matrices we obtain
so that
We see that these traces depend on the components of the energy-momentum tensor only. Then, in the particular case of vacuum fields with vanishing cosmological constant, the curvature matrix reduces to
and the 3 × 3 matrices L and M are symmetric and trace free,
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For later use, we also consider the case of a perfect fluid energy-momentum tensor with density ρ and pressure p
where u a is the four-velocity of the fluid which for simplicity can always be chosen as the comovil velocity u a = (−1, 0, 0, 0). Then,
The curvature matrix for a perfect fluid is then given by Eq. (7) with
The eigenvalues of the curvature tensor correspond to the eigenvalues of the matrix R AB . In general, they are functions λ i , with i = 1, 2, ..., 6,which depend on the parameters and coordinates entering the tetrads ϑ a . As shown above, in the case of a vacuum solution the curvature matrix is traceless and hence the eigenvalues must satisfy the condition
In the case of a perfect fluid solution, the curvature eigenvalues are related by
These identities are a consequence of applying Einstein's equations to the general form of the curvature matrix R AB and, consequently, they should contain information about the behavior of the gravitational field. We will verify this statements in the examples to be presented below.
Repulsive gravity
Effects of repulsive gravity have been identified in the gravitational field of naked singularities and near black holes [6] . In the literature, there are several intuitive definitions of repulsive gravity, but only recently an invariant definition was proposed in [7] by using the eigenvalues of the curvature tensor. The idea consists in using the eigenvalues to detect the regions of the gravitational field of compact objects, where repulsive effects are of importance. Indeed, since the gravitational field of compact objects is asymptotically flat, the eigenvalues should vanish at infinity. When approaching the object, the eigenvalues can either increase exponentially until they diverge at the singularity or they change their sign at some point, indicating the character of gravity has changed. This behavior is schematically illustrated in Fig.  1 . The dotted curve corresponds to an eigenvalue with no change in the character of gravity whereas the solid curve shows a maximum at a distance r = r rep , indicating the presence of repulsive gravity. Within the region r < r rep , repulsive gravity can be experienced and even becomes dominant once the eigenvalue changes its sign. The above intuitive description of repulsive gravity can be formalized as follows. Let {λ + i } (i = 1, ..., 6) represents the set of eigenvalues of an exterior spacetime. As explained above, the presence of an extremum in an eigenvalue is an indication of the existence of repulsive gravity. Then, let {r l }, l = 1, 2, ... with 0 < r l < ∞ represents the set of solutions of the equation
i.e., r rep is the largest extremum of the eigenvalues and is called repulsion radius. Since the curvature eigenvalues characterize in an invariant way the gravitational interaction, the above definition represents a invariant method to derive the repulsion region of asymptotically flat spacetimes, which describe the gravitational field of compact objects.
To illustrate the applicability of the above definition, let us consider the Kerr-Newman spacetime [4] :
where M is the mass of the rotating central object, a = J/M is the specific angular momentum, and Q represents the total electric charge. The orthonormal tetrad can be chosen as
Following the approach presented in the last section, lengthy computations lead to the following eigenvalues [7] λ + 1 + iλ
A straightforward analysis shows that all the eigenvalues have extrema located at different values of r, but the largest one is associated with the equation
= 0, the roots of which are determined by the equation
Solutions of this equation can be obtained only numerically and depend on the values of a and Q. However, analytical solutions can be obtained in the limiting cases. For a = 0, we obtain the Reissner-Nordström repulsion radius
for Q = 0, we get the Kerr repulsion radius of the Kerr source
and in the Schwarzschild limiting case no repulsion radius is found. We see that the repulsion region is located very closed to the source. This agrees with the regions where C 3 matching for asymptotically flat spacetimes 8 repulsive effects have been identified by using a completely different approach based on the analysis of the motion of test particles along circular orbits around black holes and naked singularities [8, 9, 6 ].
C 3 matching
The exterior field of compact objects is usually described by vacuum exact solutions characterized by singularities in a region closed to the source of gravity. To describe the entire spacetime and to avoid the presence of singularities, we usually say that the exterior spacetime must be matched with an interior spacetime which "covers" the region with singularities. To do this in concrete examples, we usually apply physical intuition to determine the matching surface and anyone of the C 2 methods mentioned in Sec. 1 to carry out the matching. The goal of the C 3 matching approach is to determine in an invariant manner where and how to "cover" the singular spacetime region.
To be more specific, consider an exterior spacetime (M + , g 
and (ii) performing the matching of the spacetimes (M + , g 
Thus, the C 3 matching demands that the curvature eigenvalues be continuous across the matching surface Σ which should be located at any radius between the repulsion radius an infinity. Notice that the repulsion radius is determined by the eigenvalues of the exterior curvature tensor. Accordingly, the minimum matching radius coincides with the repulsion radius. Physically, this means that the C 3 matching is intended to avoid the presence of repulsive gravity in the case of gravitational compact objects.
Newtonian gravity
Let us consider the line element for the nearly Newtonian metric in spherical coordinates x α = (t, r, θ, ϕ) (see [5] , page 470)
where Φ << 1 is the Newtonian potential. In this work, we limit ourselves to the study of spherically symmetric gravitational configurations and so we assume that Φ depends on r only. The components of the orthonormal tetrad are then
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Moreover, the only non-vanishing components of the curvature 2-form can be expressed up to the first order in Φ as
It then follows that the only non-zero components of the curvature tensor are
Consequently, the curvature matrix R AB (7) is diagonal with eigenvalues
which satisfy the relationship
We then conclude that in Newtonian gravity the eigenvalue identity (15) is equivalent to the Poisson equation, i.e.,
This result is compatible with the above approach for the determination of the eigenvalues since we used the field equations to represent the curvature matrix as in Eqs. (2)- (2).
C 3 matching in Newtonian gravity
To illustrate the C 3 matching approach in Newtonian gravity, let us consider a spherically symmetric solution Then, the corresponding exterior field should correspond to that of a sphere which is a solution of the Laplace equation with where M is a constant. It is then straightforward to calculate the curvature eigenvalues which turn out to be
The condition dλ
does not offer any positive finite root for the minimum matching radius, indicating that the matching can be performed at any radius r match ∈ (0, ∞). We proceed now to the second step and demand the equality of the eigenvalues across the matching surface, i.e.,
Using the expressions (37) for the eigenvalues of the interior solution, we obtain that at the matching radius the following conditions must be satisfied
where we have used Poisson's equation (40) to replace the second derivative of Φ. The above equations represent a system of three independent algebraic equations from which we obtain that the only compatible solution is
This condition is in agreement with our physical intuition as we expect that the density vanishes at the matching surface. Notice that this result does not make use of any particular interior solution and so it is valid, in general, for any spherically symmetric field in Newtonian gravity. Nevertheless, for the sake of concreteness, we now consider some solutions of the Poisson equation which determine interior Newtonian fields and can be expressed as [10] ρ HS = ρ 0 ,
where ρ 0 , a and b are constants. These solutions are known as the homogeneous sphere, Plummer model and isochrone potential, respectively. As we can see, in general, non of these solutions satisfies the matching condition ρ = 0, in general. This means that strictly speaking none of them can be matched with the exterior solution of a sphere (41). However, to illustrate the validity of the matching procedure, consider, for instance, the eigenvalues of the Plummer model
A straightforward computation of the conditions λ
shows that the only possible solution is b = 0, which coincides with the matching condition ρ P = 0. Moreover, from the expressions for the eigenvalues we see that
indicating that the matching can be performed only at infinity. An analysis the interior solutions for the homogeneous sphere and the isochrone potential leads to similar results. This corroborates the validity of the C 3 matching conditions in Newtonian gravity.
Spherically symmetric relativistic fields
For the investigation of relativistic fields, we consider the general spherically symmetric line element
where ν and φ depend on r only. It then follows that the corresponding orthonormal tetrad can be chosen as
It is straightforward to compute the connection 1-form
and from here the curvature 2-form and the components of the curvature tensor, which can be expressed as
We then obtain the following eigenvalues for the curvature tensor of an interior perfect fluid solution
Moreover, Einstein's equations can be expressed as
5.0.1. C 3 matching in general relativity To proceed with the matching, we consider the Schwarzschild solution
as the only available spherically symmetric vacuum solution. The eigenvalues are as follows:
The C 3 matching condition dλ + i /dr = 0 does not lead to any repulsion radius and so the matching can be carried out within the interval r match ∈ (0, ∞), resembling the situation in the case of Newtonian gravity. If, in addition, we demand that the exterior (62) and interior eigenvalues (58) coincide on the matching surface, we obtain that the only solution is
Again, this result is very consistent and corroborates in an invariant way our physical expectation of vanishing pressure and density on the matching surface.
In the Appendix, we include a series of spherically symmetric interior solutions which are known as Tolman I-V III. For all the solutions of this class we computed the interior eigenvalues, which are also included in the Appendix. It is straightforward to show that none of these solutions can be matched with the exterior Schwarzschild metric.
Conclusions
In this work, we propose a new method for matching two spacetimes in general relativity. We demand that the curvature eigenvalues of the interior and exterior solutions be continuous across the matching surface. To determine the matching surface, we assume that the exterior spacetime is asymptotically flat and consider the behavior of the corresponding eigenvalues as the source is approached. A monotonous growth of the eigenvalues is interpreted as corresponding to the presence of attractive gravitational interaction throughout the entire space. On the contrary, if an eigenvalue shows local extrema and even changes its sign as the source is approached, we interpret this behavior as due to the presence of repulsive gravity. The repulsion radius is defined by the location of the first extremum (C 3 condition), which appears as the source is approached from spatial infinity. In turn, the repulsion radius is defined as the minimum radius, where the matching can be carried out, i.e., the matching surface can be located anywhere between the repulsion radius and infinity. This means that the goal of fixing a minimum radius for the matching surface is to avoid the presence of repulsive gravity because it has not been detected at least in the gravitational field of compact objects. We tested the C 3 matching procedure in the case of spherically symmetric perfect fluid spacetimes in Newtonian gravity and in general relativity. Remarkably, our method leads to completely general results, independently of any particular solution of the field equations. In the case of Newtonian gravity, we obtain the general result that the matter density of the gravitational source should vanish on the matching surface. In general relativity, the same result applies for the pressure. These conditions are very plausible from a physical point of view and, therefore, establish the validity of the C 3 matching. We analyzed several particular examples of well-known spherically symmetric perfect fluid solutions and found out that, in general, it is not possible to satisfy the C 3 matching conditions. This result indicates that to obtain physically meaningful interior solutions, it would be convenient to start from Ansatz, which satisfy the matching conditions from the very beginning.
In this work, we limited ourselves to the study of spherically symmetric solutions so that the matching surface is easily identified as a sphere. However, it is possible to apply the C 3 matching method to the case of axially symmetric spacetimes, which are more realistic as models for describing the gravitational field of astrophysical compact objects. Preliminary results show that in the case of metrics with quadrupolar moment, the repulsion radius depend on the angular coordinate so that the matching surface deforms and differs from an ideal sphere. In this case, the C 3 matching implies a detailed numerical analysis of the curvature eigenvalues. This work is in progress and will be presented elsewhere.
As presented here, the C 3 matching method has been specially adapted for the study of asymptotically flat spacetimes, which can be used to describe the gravitational field of astrophysical compact objects. However, it is also possible to consider other physical situations in which, for instance, cosmological models or collapsing shells are to be matched. We expect to investigate this type of configurations in future works.
Here T r indicates derivative with respect to r.
